We study the membrane-like structure of topological charge density and its fluctuations in the QCD vacuum. Quark zero modes are localized on the membranes and the resultant gauge anomaly is cancelled by the gauge variation of a Chern-Simons type effective action in the bulk via the anomaly inflow mechanism. The coupling between brane fluctuations, described by the rotations of its normal vector, and the Chern-Simons current provides the needed anomaly inflow to the membrane. This coupling is also related to the axial U(1) anomaly which can induce brane punctures, and consequently quark-antiquark annihilation across the brane. As the Chern-Simons current has a long-range character, together with membranes it might lead to a solution to the confinement problem.
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Introduction
Topological charges and their distributions play important roles in non-perturbative quantum chromodynamics (QCD). Different topological defects in the QCD vacuum have been studied by large-N c methods, holographic QCD and lattice simulations. It is suggested that codimension-one membranes or domain walls exist in the QCD vacuum by theoretical studies [1, 2] and Monte Carlo simulations [3, 4, 5, 6, 7] . These membrane-like structures can be considered as "I2-branes" which are the intersections of the D6-brane and D4-branes from the holographic QCD point of view, and the QCD θ parameter comes from the Wilson line of the closed string Ramond-Ramond U(1) gauge field [2, 8, 9] . This also supports the previous large-N c arguments about the existence of multiple metastable k vacua, separated by the membranes across which θ jumps by 2π. A recent lattice study with overlap fermions [10] shows that cooling gauge configurations changes the Hausdorff dimension of regions where the topological charge is localized gradually from d = 2 ∼ 3 to the total space dimension (d = 4), and chiral fermion zero modes are localized on structures with fractal dimension d = 2 ∼ 3, which favors the vortex or domain-wall nature of localization.
The localization of chiral fermion zero modes on vortices or domain-walls brings an interesting topic -anomaly inflow mechanism [11, 12] into the study of topological charge distribution in the QCD vacuum. It has been shown [11] that chiral fermion zero modes are localized on an axion string or a domain-wall embedded in a higher dimensional spacetime. When coupled to some external gauge potential, gauge anomaly appears on the string or domain-wall and it is cancelled by the gauge variation of an effective action, a Chern-Simons type coupling living in the higher dimensional spacetime. In Ref. [9] we applied the intersecting brane version of the anomaly inflow mechanism [12] to the D6-D4 brane system. In Ref. [13] and here we study the anomaly inflow in the QCD vacuum without reference to the higher dimensional string theory. The Ramond-Ramond U(1) gauge field appears as an auxiliary field, describing the membrane-like excitations in fourdimensional QCD. We found that the analogue of the Ramond-Ramond U(1) gauge field, ∂ µ θ and the Chern-Simons current K µ , play crucial roles in the studies of QCD vacuum structure, chiral symmetry breaking, and probably confinement as well.
Geometric Preparations
We start with a pure geometric description of codimension-one membranes embedded in fourdimensional spacetime. Neglecting its thickness and idealizing it as a three-dimensional surfaces, we parametrize the position of a membrane by embedding functions
where y i (i = 0, 1, 2) are the brane coordinates. In general one can define an induced metric on the brane,
which describes a curved three-dimensional brane embedded in a flat four-dimensional spacetime. One can take a "static gauge"
The induced metric then becomes
which can be used to build a Nambu-Goto type effective action to describe the membrane dynamics.
However we are only interested in the coupling between the brane fluctuation and some gauge potential, which will be linear in ∂ i φ (or linear in ∂ µ θ as it will be shown later). We also ignore the translation and acceleration of the membrane and focus on rotations or other motions which only change the orientation of the branes. (Note that in multiple-brane cases dilatory collective modes of brane motion may be important). Embedding conditions require that [14] 
which are the orthonormal condition of the tangent vector ∂ i x µ and the normal vector n µ of the membrane, and the normalization of n µ respectively. These two equations can be solved for n µ = (n i , n 3 )
As the θ parameter jumps by 2π across the membrane, we need a step function θ (t)
and its generalization. For describing a membrane with a jumping θ term, we choose
where Σ(x 0 , x 1 , x 2 , x 3 ) = 0 is the equation of a three dimensional surface (or location of the membrane). The step function then becomes
Taking derivative with respect to the spacetime coordinates x µ yields
Noticing that the vector ∂ µ Σ is perpendicular to the membrane (but not normalized), we should have
This can be worked out more explicitly. Suppose the equation of the membrane Σ(x 0 , x 1 , x 2 , x 3 ) = 0 can be solved by
and the gradient of the function Σ gives a vector
which is the same as the normal vector n µ in (2.6) up to normalization. From eqt. (2.11) we see that ∂ µ θ is proportional to the product of a delta function and the normal vector of the membrane.
Anomaly Inflow and Axion String
Having identified the membrane "inflow current" ∂ µ θ ∝ δ (Σ) n µ , one may easily write its coupling to the Chern-Simons current K µ
where the Chern-Simons current
comes from the Chern-Simons form K cs = Tr(A ∧ F − with the help of the identity (using differential forms)
Note that the topological charge density (3.3) is gauge invariant, while the current-current coupling (3.1) is not. This is because the Chern-Simons form transforms under the gauge transformation
The gauge variation of (3.1) is crucial in the anomaly-inflow mechanism. It can cancel the gauge anomaly due to the fermion zero modes localized at lower dimensional topological defects [11, 12] . Let us take Callan and Harvey's axion-string model as an example -an axion string, described by a complex scalar field Φ = f (ρ)e iϑ , is embedded in a four-dimensional bulk space. Fermions coupled to the string have chiral zero modes localized on it. If the fermions are also coupled to some gauge potential, there is a two-dimensional gauge anomaly due to the fermion zero modes
which can only be cancelled by a Chern-Simons coupling similar to (3.1) [11]
where ϑ is the phase angle of the axion field Φ. Integrating by parts puts (3.7) into the form of an axial anomaly in four dimensions. The gauge variation of the (3.7) leads to the descent equation [15, 16] 
which relates the four dimensional axial anomaly dK 0 3 and the two dimensional gauge anomaly K 1 2 . Note that the phase angle ϑ is ambiguous at the origin and hence d 2 ϑ is singular [11] 
Anomaly-inflow and Membrane Dynamics
In Ref. [11] the topological defects are static and the θ -variable should be promoted to a dynamical field when fluctuations of the topological defects are included. The anomaly inflow mechanism can still be applied but the dynamical field, e.g. the Ramond-Ramond potential in Refs. [12, 9] should vary under the gauge transformation, as dictated by the descent equations [15, 16] . In Ref. [9] we studied the anomaly inflow for the intersecting branes (D6-D4 "I-brane") which requires
where the Ramond-Ramond potential C 7 couples to the D6 brane and δ D4 is a 5-form delta-function distribution transverse to the D4 brane, similar to (3.9) and µ is related to the brane tension. Here we restrict ourselves to four dimensions and consider the Ramond-Ramond field as an auxiliary field describing membrane-like excitations of the Yang-Mills field. As shown in eqt. (2.11) in the previous section, for a fluctuating or curved membrane ∂ µ θ is proportional to the normal vector of the surface. Eqt.(4.1) suggests that
Now let us illustrate the formulation of the membrane dynamics by a 2-dimensional U (1) gauge theory -the Schwinger model [17, 18, 13] . In this case, the Chern-Simons current is
Note that in two dimensions K µ is always "perpendicular" to the gauge potential A µ since K µ A µ = 0. A µ can be decomposed as
which can be thought as a gauge potential in two-dimensional Lorentz gauge plus an arbitrary gauge transformation with parameter Ω. This induces a gauge variation for the Chern-Simons current
We start with a uniform brane along the y-axis corresponding to a gauge configuration
which is obtained from (4.4) by choosing
where Θ(x) is a unit step function. Let's now consider a combination of a physical variation and a gauge transformation δ σ = 2πεΘ(x), δ Ω = −2πεyδ (x).
It is easy to see that the in-brane component A y is invariant under (4.8), so is the field strength F xy . However the transverse component becomes non-vanishing 
This is exactly what we expected from the anomaly-inflow constraint (4.2) since (4.9) and (4.10) describe an infinitesimal rotation of the membrane (recall that ∂ µ θ is proportional to the normal vector n µ of the membrane). This can also be seen from the constraint K µ A µ = 0. If the membrane rotates the gauge configuration A µ also rotates in spacetime, the Chern-Simons current has to rotate as well to be perpendicular to A µ (note this argument only works in two dimensions). The anomalyinflow constraint then requires that ∂ µ θ should rotate to be consistent with the rotation of the normal vector n µ on the membrane. Similar to the string case, we can construct a topological source term for the membrane
which is equivalent to a two-dimensional topological charge term after integrating by parts
Behind this seeming equivalence, there is a significant difference between (4.11) and (4.12). Usually the topological charge term (4.12) is considered as gauge-invariant, while the topological current term (4.11) is not and its gauge variation is needed for cancelling the gauge anomaly localized on the lower dimensional topological defects.
Discussions
The membranes and the Chern-Simons current might be relevant to the confinement problem as well. In fact it has been realized by M. Lüscher [19] long time ago that the Chern-Simons current K µ has a long range character, i.e. its propagator has a pole at p 2 = 0. However it does not correspond to a massless particle, similar to the gauge potential A µ in two-dimensional QED. The two-point connected correlation function of the Chern-Simons current K µ is [19] 
where the propagator has a pole at p 2 = 0, as it can be seen from
where Q TC is the topological charge density. In Ref. [9] we have shown that the pole due to the massless Ramond-Ramond field cancels the "wrong sign" pole in (5.2) which leads to the WittenVeneziano formula for topological susceptibility and the η ′ mass term. Here we consider the confinement problem as in the two-dimensional CP (n−1) model in Ref. [19] . Note that the Wilson loop can be considered as a closed "membrane" in two dimensions
and A µ plays the role of Chern-Simons current in the two-dimensional CP (n−1) model. It has been shown [19] exp ie
which leads to the area law and hence the confinement (when e is not integral). In four dimensions one may consider the Chern-Simons current flowing into a three-dimensional membrane Σ and expect that
however further investigations are needed to support these ideas.
To summarize, we have studied the membrane-like distribution of the topological charge and its anomaly inflow through the "topological currents", e.g. the Chern-Simons current in the QCD vacuum. The current-current coupling form, e.g. ∂ µ θ K µ , seems to be more appropriate than the usual topological charge term in describing extended topological defects such as vortices and membranes, especially when quarks and their currents are taken into account. This is because the quark zero modes localized on the topological defects usually have gauge anomaly, which can only be cancelled by the inflow of some topological current from the bulk space. In the membrane case, it is also suggested [13] that near-zero quark modes may be localized on opposite sides of the membrane and this leads to a new scenario to study the chiral condensate. When the membrane fluctuates they may puncture through it and annihilate, which naturally leads to the U(1) axial anomaly and the mass insertion of η ′ . Topological currents like the Chern-Simons current could have long-range features which may be applied to the confinement problem.
